The gauge couplings W W Z, W W W W , and W W ZZ in the gauge-Higgs unification scenario in the Randall-Sundrum warped spacetime remain almost universal as in the standard model, but substantial deviation results for the Higgs couplings. In the 
Introduction
In the previous paper we showed that substantial deviation in the Higgs couplings to W and Z bosons from those in the standard model is expected as a general feature in the gauge-Higgs unification model in warped spacetime, [1] which can be tested at LHC and ILC in the coming future. Further the deviation in the W W Z coupling was shown to be very small in warped spacetime. In the present paper we give more thorough analysis of these couplings to strengthen the statements, in addition to give detailed account of the mass spectrum and wave functions in the gauge-Higgs sector in the SO (5 connected extra dimensions can serve as the Higgs field in four dimensions. These phases, denoted as θ H in the present paper, label classically degenerate vacua. The value of θ H is determined at the quantum level. When the value is nontrivial, the gauge symmetry is dynamically broken. [4, 5] The scenario of identifying θ H with a 4D Higgs field, which was applied first to GUT and then to the electroweak interactions, has many attractive features. [6] - [43] Besides inducing dynamical gauge symmetry breaking, it predicts a finite mass for the Higgs field, independent of the cutoff scale. [44] - [47] In the electroweak theory, it can solve the gauge hierarchy problem. [7] The dynamically determined value of θ H depends on the details of the theory, particularly in the fermion sector. Astonishingly many of the features in the gauge-Higgs sector such as the mass spectrum and couplings are determined once the value of θ H is specified. In this respect our analysis is robust. It is shown below that the W W H, It is also confirmed that the W W Z coupling remains universal in warped spacetime, but it becomes smaller in flat spacetime compared with that in the standard model, thus already contradicting with the LEP2 data on W pair production. This strongly suggests that the extra-dimensional space is curved and warped, if it exists. There seems intimate connection between the gauge-Higgs unification scenario and the holography in the warped space. [31, 33, 39, 42] The paper is organized as follows. The SO(5) × U(1) B−L model is set up in the next section. The spectrum and mode functions of gauge bosons are given in Sec. 3, whereas those of fermions are given in Sec. 4 . Approximate masses and wave functions of gauge fields, Higgs field, and light fermions in four dimensions are given in a simple form in Sec. 5.
Gauge couplings and Higgs couplings are evaluated in Sec. 6 to make predictions described above. Gauge couplings of fermions are briefly discussed in Sec. 7 and a summary is given in Sec. 8. Useful formulas are collected in appendices.
SO(5) × U (1) B−L model
We consider an SO(5)×U(1) B−L gauge theory in the warped five-dimensional spacetime. [33] The fifth dimension is compactified on an orbifold S 1 /Z 2 with a radius R. We use, throughout the paper, M, N, · · · = 0, 1, 2, 3, 4 for the 5D curved indices, A, B, · · · , = 0, 1, 2, 3, 4 for the 5D flat indices in tetrads, and µ, ν, · · · = 0, 1, 2, 3 for 4D flat indices. The background metric is given by [48] 
where η µν = diag (−1, 1, 1, 1), σ(y) = σ(y + 2πR), and σ(y) ≡ k |y| for |y| ≤ πR. The cosmological constant in the bulk 5D spacetime is given by Λ = −k 2 . (x µ , −y) and (x µ , y + 2πR) are identified with (x µ , y). The spacetime is equivalent to the interval in the fifth dimension y with two boundaries at y = 0 and y = πR, which we refer to as the Planck brane and the TeV brane, respectively.
There are SO(5) gauge fields A M and U(1) B−L gauge field B M . The former are decomposed as
where T a L ,a R (a L , a R = 1, 2, 3) and Tâ (â = 1, 2, 3, 4) are the generators of SO(4) ∼ SU(2) L × SU(2) R and SO(5)/SO(4), respectively. The spinorial representation of T I is tabulated in (A.1) in appendix A. As a matter field we introduce a spinor field Ψ in the spinorial representation of SO(5) (i.e., 4 of SO(5)) in the bulk as an example.
The relevant part of the action in the bulk is [49, 50] are the associated ghost Lagrangians, and M Ψ is a bulk (kink) mass parameter. Since the operatorΨΨ is Z 2 -odd, we need the periodic sign function ε(y) = σ ′ (y)/k satisfying ε(y) = ±1. The field strengths and the covariant derivatives are defined by
where g A (g B ) is the 5D gauge coupling for A M (B M ), Q B−L is a charge of U(1) B−L , and
The boundary conditions at the fixed points y 0 = 0 and y π = πR, which preserve the orbifold structure, are
where η j = ±1 (j = 0, π). P j ∈ SO(5) are constant matrices satisfying P 2 j = 1. In the present paper we take
in the spinorial representation, or equivalently P 0 = P π = diag (−1, −1, −1, −1, 1) in the vectorial representation. Then the gauge symmetry is broken to SO(4) 
πR 0 dy A4 y . More explicitly,
Although θ H = 0 gives vanishing field strengths, it affects physics at the quantum level.
The global minimum of the effective potential for θ H determines the quantum vacuum. [4] The nonvanishing θ H induces dynamical electroweak gauge symmetry breaking.
There are residual gauge transformations which maintain the boundary condition (2.6). [5, 36] A large gauge transformation given by
(0 ≤ y ≤ πR, n: an integer) shifits θ H by θ H +2πn, which implies that all physical quantities are periodic functions of θ H . The large gauge invariance is vital to guarantee the finiteness of the Higgs boson mass. [44, 47] The θ H -dependent part of the effective potential diverges without the large gauge invariance.
The even-odd property in (2.6) does not completely fix boundary conditions of the fields. If there are no additional dynamics on the two branes, fields which are odd under parity at y = 0 or πR obey the Dirichlet boundary condition (D) so that they vanish there. On the other hand, fields which are even under parity obey the Neumann boundary conditions (N). For gauge fields the Neumann boundary condition is given by dA µ /dy = 0 or d(e −2ky A y )/dy = 0. As a result of additional dynamics on the branes, however, a field with even parity, for instance, can effectively obey the Dirichelet boundary condition. The field develops a cusp-type singularity there due to brane dynamics. As discussed below, the SO(4) symmetry on the Planck brane is broken to SU(2) L × U(1) Y in this manner. With the boundary condition in Table I 
Let us define new fields
The boundary conditions of A changing the boundary conditions from N to D at the Planck brane. With the underlying gauge invariance it is expected that the tree unitarity for gauge boson scatterings [51, 52, 53] is preserved with these boundary conditions.
3 Spectrum and mode functions of gauge bosons
General solutions in the bulk
In this section, we derive the spectrum and mode functions of gauge fields with the boundary conditions listed in Table I . The basic procedure is the same as in our previous papers [1, 37] . We employ the background field method, separating A M (B M ) into the classical part A With these eigenfunctions the gauge potentials are expanded as
The general solutions to Eq.(3.8) are expressed in terms of the Bessel functions as
whereĪ = (a L , a R ,â, B) and α n 's and β n 's are constants to be determined by the boundary conditions.
Mass eigenvalues and mode functions
To determine the eigenvalues λ n 's and the corresponding mode functions (3.10), we need to take into account the boundary conditions listed in Table I . In this subsection we mainly examine the 4D components of the gauge fields (A µ , B µ ). The mass spectrum and the mode functions for the extra-dimensional components (A z , B z ) are examined in the next subsection.
At the boundaries
We translate these conditions into those in the twisted basis (Ã M where a constant v is related to θ H by
14)
The potential has a classical flat direction along θ H . The value for θ H is determined at the quantum level. Using (3.13), the gauge transformation matrix Ω defined in (3.6) is calculated as
where
relation. The condition (3.12) determines the ratios between α A,n 's and β A,n 's in Eq. (3.10) so that the mode functions have the following forms.
Here the functions F α,β (u, v) are defined in (C.1). The mass eigenvalue λ n and the coefficients C n 's are determined by the remaining boundary condition (3.11), which amount
for a = 1, 2, and
20)
θ H . Here and henceforth, F α,β without the argument denotes
U(1) subgroup remains unbroken for any value of nonzero θ H , which is identified with the electromagnetic gauge group U(1) EM . The gauge fields are classified in three sectors, 23) and the 'singlet' sector A4 M . The latter two sectors are neutral under U(1) EM . The orthonormal relations among the mode functions are
In order for nontrivial solutions to Eq. (3.19) to exist, the determinant of the 3 × 3 matrix must vanish, which leads to
Once the spectrum λ n is determined by the above equation, the corresponding C A,n 's are fixed by (3.19) with the normalization condition (3.24).
There are two cases for the mass spectrum.
Case 1:
There is no massless mode and the lightest mode has a mass of O(m KK ), where the Kaluza-Klein (KK) mass scale m KK is given by
The coefficients C I A,n (I = ± L , ± R ,±) in the mode functions are given by
The mass spectrum is independent of θ H and is the same as for the modes with the boundary condition (D,N) at θ H = 0. For nonzero θ H , however, the above modes do not have definite Z 2 -parities since components with different boundary conditions mix with each other. This can be seen explicitly from the fact that the mode functions have nontrivial θ H -dependences.
In this case the mass spectrum depends on θ H . The lightest mode is massless at θ H = 0, while it acquires a nonvanishing mass when θ H = 0. The lightest mode is identified with the W boson. The coefficients in the mode functions are given by
One comment is in order about the behavior ofĈ 2 in the θ H → 0 limit. For the KK excited states, or modes with lim θ H →0 λ n = 0, either
A,n becomes dominant for the modes with F 0,0 = O(θ 2 H ), while C± A,n becomes dominant for the modes with
The determinant of the 4 × 4 matrix in (3.20) must vanish, which leads to
s φ is defined in (2.11) . This determines the mass spectrum. Once λ n is determined, The neutral sector is classified into three cases.
The massless mode (λ 0 = 0) identified with the photon for the unbroken U(1) EM has a constant mode functionh
The massive modes havẽ
(3.31) (3.30) can be obtained also from (3.31) by taking the limit of λ n → 0. Note that the mass spectrum and the mode functions in the photon sector are independent of θ H . In fact we can extract the photon sector from the neutral sector by the following field redefinition.
The photon field A γ µ does not mix with the other components (A
Case 2:
The equation that determines the mass spectrum is the same as in the case 1 in the charged sector. The coefficients in the mode functions are given by
where t φ ≡ s φ /c φ .
In this case the mass spectrum depends on θ H . The lightest mode becomes massless at θ H = 0 while it acquires a nonzero mass when θ H = 0. The mode is identified with the Z boson. The coefficients in the mode functions are given by
Note that the 4 × 4 matrix in (3.20) reduces to a direct sum of 3 × 3 and 1 × 1 matrices and the former is identical to the 3 × 3 matrix in (3.19) if we set (s φ , c φ ) = (0, 1). Thus the spectrum and the mode functions of the charged sector (A
Singlet sector A4 µ
Finally there is the singlet sector A4 µ . There is no zero mode in this sector. From the normalization condition (3.24), the coefficient is determined as
In the gauge sector, there are some classes of K.K. modes whose spectra are independent of θ H , i.e., the case 1 in the charged sector, the cases 1 and 2 in the neutral sector, and the singlet sector. In all these cases, the mode functions do not have nonzero components
for Tâ (a = 1, 2, 3, or ±, 3). This means that the modes in these classes do not have nonvanishing couplings to the Higgs field H = ϕ (0) , which reflects the θ H -independence of the mass spectra. (The corresponding coupling constants are expressed like (6.8) in Sect. 6.2.)
Spectrum and mode functions of gauge scalars
In this subsection the spectrum and mode functions for the extra-dimensional components of gauge potentials, or gauge scalars, are examined. The boundary conditions for A z and
at both boundaries. The conditions at z = z π determine the ratios between α ϕ,n 's and β ϕ,n 's in Eq.(3.10) so that the mode functions have the following forms.
To treat gauge scalars, it is convenient to define 38) in terms of which Eq(3.17) can be rewritten as
where a = 1, 2, 3. In contrast to the 4D components A I µ and B µ , the boundary conditions in (3.36) do not mixÃ
,Ãâ z ) and B z . By making use of (3.37), the boundary conditions at the Planck brane is rewritten as
for a = 1, 2, 3, and
Here F α,β = F α,β (λ n , λ n z π ). The orthonormal relations are given by components the mass spectrum is determined by
There are no zero-modes and the coefficients CĪ ϕ,n in the mode functions are determined by the normalization condition (3.44).
where a L±R = 1, 2, 3 andâ = 1, 2, 3, 4.
, Aâ z ) the mass spectrum is determined by
From Eq.(3.41) and the normalization condition (3.44), the mode functions are obtained as
Case 3: Higgs sector A4 z
The sector A4 z corresponds to the Higgs sector. The spectrum is determined by
There is a zero-mode, which is identified as the 4D Higgs boson. It acquires a nonvanishing finite mass m H by quantum effects at the one loop level. It has been estimated in [36] and 
for the zero-mode (the 4D Higgs field), and
for other KK modes (n = 0).
Case 4: Singlet sector II B z
The spectrum is the same as in Case 1, but the mode functions are non-vanishing only in the B z part. They are given by
Notice that the spectrum depends on θ H only in the doublet sector. In other words, the Higgs field couples only to the doublet sector.
even odd odd even Table II: The Z 2 -parities of the fermions. We take the same parity assignment at both boundaries.
Spectrum and mode functions of fermions
Masses of quarks and leptons can originate not only from gauge interactions and bulk kink masses in the fifth dimension, but also from brane interactions with additional fermion fields on the branes. Indeed such additional interactions seem necessary to realize the observed mass spectrum and gauge couplings in the quark and lepton sectors. The main focus in the present paper is gauge-Higgs interactions, and we defer, to a separate paper, detailed discussions about how to construct realistic models. At the moment we merely mention that one can introduce chiral spinor fields χ R on the Planck brane and χ L on the TeV brane, which have mixing terms with the bulk fermion Ψ. Let us take η 0,π = +1 in (2.6) so that the Z 2 -parities are assigned as Table II Lagrangian in the fermionic sector, then, would be
where µ Q and µ q are brane-mass parameters of mass-dimension 1/2. With these additional parameters a realistic spectrum can be reproduced.
In the subsequent discussions, however, we restrict ourselves to fermions without brane interactions, setting µ Q = µ q = 0 and dropping χ Ri and χ L . Accordingly the index i of Q Li is suppressed. We describe below how the mass spectrum and gauge couplings are
determined, and what kind of potential problems arise in the simplified model.
General solutions in the bulk
The linearized equations of motion are
From the parity assignment and linearized equations of motion, the boundary conditions for the bulk fermions (q, Q) are determined. In the conformal coordinate z = e σ(y) , they are written as
at both z = 1 and z = z π . Hereq ≡ z −2 q,Q ≡ z −2 Q, and
where c ≡ M Ψ /k. We remark that when there are brane interactions with localized fermions, i.e. when µ q , µ Q = 0, the above boundary conditions are modified, becoming no longer Dirichlet-nor Neumann-type.
We expand the 5D fermion fields into 4D K.K. modes.
It follows from (4.2) that equations for an eigenmode with a mass eigenvalue m n = kλ n are given by
Hereθ ≡ dθ/dz where θ(z) is defined in (3.16). The orthonormal relations are
In order to solve the mode equations, it is convenient to move to the twisted basis defined in (3.6) and (3.15), in which
The mode equations are simplified to
Then (4.5) becomes
The general solutions of Eqs.(4.9) arẽ 12) where
. The eigenvalues λ n and the coefficients a n 's and b n 's are determined by the boundary conditions (4.3).
Mass eigenvalues and mode functions
From the conditions (4.3) at z = z π , the ratios between a n 's and b n 's in (4.12) are determined so that the mode functions are written by using the function F α,β (u, v) defined in
The eigenvalue λ n and constants C q n and C Q n are determined by the remaining boundary conditions in (4.3) at z = 1. By making use of (4.13), the two conditions for right-handed components in (4.3) at z = z π are rewritten as
Here F α,β = F α,β (λ n , λ n z π ). For a nontrivial solution to exist, the determinant of the 2 × 2 matrix in Eq.(4.14) must vanish, which leads to
We have used the last formula in (C.2). This is the equation that determines the mass spectrum {λ n }. Once λ n is determined , the corresponding C q n and C Q n are fixed by (4.14) with the normalization condition (4.7). The result is
Masses and wave functions of light particles
Approximate expressions of the masses and wave functions of light particles such as W , Z, quarks and leptons can be obtained. The mass of the 4D Higgs particle is generated at the quantum level. Its mass is estimated from the effective potential for the Yang-Mills AB phase θ H .
2 The remaining conditions in (4.3) at z = z π provide the same conditions on (C q n , C Q n ) as (4.14).
Gauge sector
The masses and wave functions of the W and Z bosons have nontrivial θ H dependence.
They belong to the case 2 of the charged sector and the case 3 of the neutral sector whose mass spectra are determined by
respectively. Here F α,β = F α,β (λ n , λ n z π ). These equations are similar to those in the SU (3) model discussed in Ref. [37] , but there is an important difference in the numerical factors on the right sides of the two equations above. In the SU(3) model one has 4 sin 
With (B.3), the left-hand side of (5.1) becomes
The mass eigenvalues m n = kλ n become linear functions of θ H in the flat limit only if the numerical factor in the right-hand side of Eq. 
with its mode functioñ
For the Z boson the mass is given by
with its mode functioñ 
The approximate equality in the second line is valid to the O(0.1%) accuracy for m KK = O(TeV). In the last equality the relation
has been made use of. Note that s φ defined in (2.11) satisfies s φ ≃ tan θ W . The Weinberg angle θ W may be determined from the vertices in the neutral current interactions. As we will see in (7.5) below, θ W determined this way coincides with that in (5.8) to good accuracy. Thus the ρ parameter is nearly one in our model. We remark that the ρ parameter substantially deviates from 1 in the flat limit (πkR → 0) when θ H is nonvanishing.
According to the classification in the gauge sector, it is convenient to devide the K.K. 
Fermion sector
The mass spectrum in the fermion sector is determined by Eq.(4.15). For λ 0 z π ≪ 1 we obtain from (4.15) and (C.4) [37, 40] 
The mode functions for the lightest mode ψ (0) are obtained from Eq.(4.14) with the normalization condition (4.7). For α > 1, for example, they are approximately expressed
The subleading terms inf .7)).
This problem can be avoided by introducing boundary fields and turning on boundary mass terms with bulk fermions as described with the action (4.1). There are two origins for fermion masses; the Yang-Mills AB phase θ H and boundary masses µ q , µ Q . It can be shown that for α > 1 and z (2) R is broken at the Planck brane so that µ Q can be chosen to be different for the upper and the lower components of Q L . Thus one can realize the observed fermion masses with appropriate µ Q . The detailed discussions will be given in a separate paper.
Gauge-Higgs self-couplings
Once wave functions of the W and Z bosons and the Higgs boson are determined, the effective four-dimensional couplings among them can be calculated as overlap integrals in the fifth dimension. As θ H becomes nonvanishing, the form of wave functions substantially changes with large mixing so that the effective four-dimensional couplings are expected to have nontrivial θ H -dependence in general. This behavior of the couplings provides crucial tests for the gauge-Higgs unification scenario.
The W W Z coupling has been indirectly measured in the LEP2 experiment of W pair production. The standard model fits the data well within a few percents so that deviation from the value in the standard mode could rule out the model under consideration. As we 6f Q R,0 (z) can be localized at the Planck brane if α > 3/2, but it is exponentially suppressed compared tof 
W W Z coupling
The self-couplings among W , Z and Higgs bosons are determined from the interaction terms in the twisted basis
by inserting the wave functions of W , Z and H. The relevant part of the expansion of the gauge fields isÃ
Here given by (3.18) with (3.28) . The Z wave functionsh
A,0 (z) and h3 Z (z) =h3 A,0 (z) are given by (3.18) with (3.34). The Higgs wave functionh4 H (z) =h4 ϕ,0 (z) is given by (3.50).
The W W Z coupling is evaluated by inserting (6.2) into the first term in (6.1) and integrating over z. The result is
where the coupling g W W Z is expressed as overlap integrals
Note that given θ H and kπR, m W determines k. k = O(M pl ) cooresponds to kπR ∼ 35.
With these parameters we have exact wave functions as summarized in (3.18), (3.28) and (3.34). When kπR ∼ 35 and the warp factor is large e kπR ≫ 1, the approximate expressions for the wave functions of W and Z given by (5.5) and (5.7) can be employed to find
Here a dimensionless coupling g is defined as 6) which is the 4D SU(2) L gauge coupling at θ H = 0. In the last equality in (6.5), (5.8) has been made use of. We have neglected corrections suppressed by a factor of (kπR)
in conformity with the approximation employed in deriving Eqs. with exact wave functions. In Table III Table III : The values of a ratio of g
W W Z ) to g A / (1 + s 2 φ )πR for θ H = π/10, π/4, π/2 and kπR = 35, 3.5, 0.35. Indeed, by inserting (6.2) into the second term in (6.1), one finds that
W W H and ZZH couplings
Recall that the wave function of the Higgs field,h4 H (z) ∝ z = e ky , is localized near the TeV brane at z = z π when evaluated in the y-coordinate relevant in the integrals (6.8). The behavior of the wave functions of W and Z bosons near the TeV brane sensitively depends on θ H so that nontrivial θ H dependence is expected for the W W H and ZZH couplings.
The integrals in (6.8) can be evaluated in a closed form. Consider λ W W H . Inserting the wave functions into (6.8) and making use of the identity ∂ z zF 1,β (λz, λz π ) = λzF 0,β (λz, λz π ) and the last relation in (C.2), one finds
The coefficients C
A,0 and C± W = C± A,0 are given by (3.28) . Similarly for λ ZZH one finds 10) where the coefficients C
A,0 and C3 Z = C3 A,0 are given by (3.34) . The formulas (6.9) and (6.10) are exact. They are fairly well evaluated with the approximate formulas (5.4)-(5.7), leading toĈ 
We first recall that the spectrum m H n =kλ H n for H (n) (n ≥ 1) is determined by the equa-
H n z π ) where C4 ϕ,n is given by (3.51). λ W W H (n) is evaluated as λ W W H in the previous subsection.
A similar expression to the first line in Eq. (6.9) is obtained whereh4 H is replaced byh4 H (n) .
Inserting the wave function, one finds
Similarly one finds that λ ZZH (n) = 0. This proves that the W W H (n) and ZZH (n) couplings identically vanish. 
W
Inserting (5.5) and (5.7) into (6.16), one finds 
W W HH and ZZHH couplings
The four-dimensional gauge-Higgs couplings W W † HH and ZZHH are evaluated from the fourth term in (6.1). One finds that 
As in the case of the cubic couplings λ W W H and λ ZZH , the Higgs wave functionh4 ϕ,0 is localized near the TeV brane so that the overlap integrals suffer from nontivial θ H dependence. With (5.5) and (5.7) inserted, the integrals in (6.19) are evaluated to be Their contributions may not be negligible, and need careful examination.
The suppression of the bare Higgs couplings is a generic feature of the gauge-Higgs unification, and should be used for testing the scenario by experiments.
Gauge couplings of fermions
Inserting (3.9) and (4.11) into
we obtain
where the ellipsis denotes terms involving the massive K.K. modes of the fermions. The 4D gauge couplings are given by
where q B−L is an eigenvalue of Q B−L . The index i = 1, 2 denotes the SU(2) R -doublet index.
The same expressions hold for the right-handed (R) components where L is replaced by R.
The wave functionsh 6) where e ≡ g A sin θ W / √ πR = g sin θ W is the U(1) EM gauge coupling constant and q EM ≡ {(−1)
is the electromagnetic charge. The relation (5.8) has been made use of in the second equality in (7.5). Note that Eqs.(7.4), (7.5) and (7.6) agree with the counterparts in the standard model. Rigorously speaking, the couplings g
have small dependence on the parameter α, which leads to tiny violation of the universality in weak interactions as discussed in Ref. [37] . It was found that there results violation of the µ-e universality of O(10 −8 ), which is well in the experimental bound. where I, J = (a L , a R ,â).
B Useful formulae for Bessel functions
Here we collect useful formulae for the Bessel functions. J α (z) and Y α (z) denote the Bessel functions of the first and second kinds, respectively. Using these expressions and (B.1), we obtain for z ≥ 1 and λz ≪ 1, In the second equality, we used the third equation of (C.2). Using this, we obtain the following integral formulae, which are useful for determining normalization factors of the mode functions. F α,β in the right-hand sides are understood as F α,β (λ, λz π ).
